We present versions of ergodic theorems for L 1 -L ∞ contractions in BanachKantorovich L p -lattices associated with the Maharam measure taking values in the algebra of measurable functions.
Introduction
Let (Ω, Σ, µ) be a measure space with σ-finite measure µ and let L p (Ω, Σ, µ) be the Banach space of all measurable functions f on (Ω, Σ, µ) such that f p = Ω |f | p dµ 1 p < ∞, (1 ≤ p < ∞). The well-known M.A. Akcoglu's theorem [1] asserts that for any positive contraction T in the space L p (Ω, Σ, µ), 1 < p < ∞, the averages s n (T )(f ) = 1 n n−1 i=0 T i (f ) converge almost everywhere for every f ∈ L p (Ω, Σ, µ), in addition f * = sup n≥1 s n (T )(|f |) ∈ L p (Ω, Σ, µ) and f * p ≤ exists f ∈ L p (Ω, X) such that s n (T )(f )(ω) − f (ω) X → 0 almost everywhere on (Ω, Σ, µ) for any f ∈ L p (Ω, X).
The further development of the theory of vector measures m : ∇ → E on a complete Boolean algebra ∇ with values in order complete vector lattices provides new important examples of Banach-Kantorovich spaces [16, ch. IV, V] . In particular, the L p -space L p (∇, m) associated with a modular measure m, which admits as measurable bundle via classical L p -spaces [9] , is an example of such spaces. It is natural to expect, that M.A. Akcoglu < ∞.
In the present paper we establish ergodic theorems for L 1 -L ∞ contractions in Banach-Kantorovich lattices L p (∇, m) and L M (∇, m). Moreover, we present "vector" versions of weighted and multiparameter weighted ergodic theorems obtained in [12] .
To prove these "vector" versions of ergodic theorems can be use methods of the Boolean valued analysis. By means of these methods, the BanachKantorovich lattices and the corresponding bounded homomorphisms can be interpreted as the Banach lattices and bounded linear mappings within a suitable Boolean valued model of the set theory [17, ch. XI] . This approach to the theory of Banach-Kantorovich lattices makes it possible to apply the transfer principle [17, 4.4] in order to obtain various properties of Banach-Kantorovich lattices, which are similar to the corresponding properties of classical Banach lattices. Naturally, when using such a method, an additional study is needed to establish the required interrelation between the objects of 2-valued and Boolean valued models of the set theory.
Another important approach in the study of Banach-Kantorovich spaces is provided by the theory of continuous and measurable Banach bundles [9] , [11] . The representation of a Banach-Kantorovich lattice as a space of measurable sections of a measurable Banach bundle makes it possible to obtain the required properties of the lattice by means of the corresponding stalkwise verification of the properties. Using this approach, a version of the dominated ergodic theorem was obtained for positive contractions in the L p (∇, m) [2] . This approach we use in the present article. We use the theorem that a Banach-Kantorovich lattice L p (∇, m) can be represented as a measurable bundle of L p spaces associated with scalar measures [9] . Then we apply the representation and the corresponding ergodic theorems for L 1 -L ∞ contractions in L p -spaces in order to obtain versions of ergodic theorems for
We use the terminology and notation of the theory of Boolean algebras, Riesz spaces, vector integration, and lattice-normed spaces [16] , as well as the terminology of measurable bundles of Boolean algebras and Banach lattices [9] , [11] .
Preliminaries
Let (Ω, Σ, µ) be a measure space with the direct sum property [16, 1.1.8] . Denote by L(Ω) (respectively, L ∞ (Ω) ) the set of all (respectively, essentially bounded) measurable real functions defined a.e. on Ω. Introduce an equivalence relation on L(Ω) by setting f ∼ g ⇔ f = g a.e. The set L 0 (Ω) of all cosets f ∼ = {g ∈ L(Ω) : f ∼ g} endowed with the natural algebraic operations is an algebra over the field R of real numbers with the unity 1(ω) = 1. Moreover, with respect to the partial order
., the algebra L 0 (Ω) is an order complete vector lattice with weak unity 1, and the set B(
is a commutative Banach algebra with respect to the norm f
(d) l(0) = 0 and l(1) = 1 everywhere on Ω. Since (Ω, Σ, µ) has a direct sum property then there always exists lifting l :
Let ∇ be an arbitrary complete Boolean algebra, let X(∇) be the Stone space of ∇, let L 0 (∇) := C ∞ (X(∇)) be the algebra of all continuous functions x : X(∇) → [−∞, +∞] taking the values ±∞ only on nowhere dense subsets of X(∇), and let L ∞ (∇) := C(X(∇)) be the subalgebra of all continuous real functions on X(∇). It is clear that L ∞ (∇) is a commutative Banach algebra with respect to the norm x ∞ = sup{|x(t)| : t ∈ X(∇)}.
Let ∇ 0 be a regular Boolean subalgebra in ∇, i.e. sup A and inf A of a subset
Let ∇ and B be complete Boolean algebras. A mapping m : ∇ → L 0 (B) is called an L 0 (B)-valued measure if (i). m(e) ≥ 0 for all e ∈ ∇ and m(e) = 0 ⇔ e = 0; (ii). m(e ∨ g) = m(e) + m(g) if e ∧ g = 0, e, g ∈ ∇; (iii). m(e α ) ↓ 0 for every net e α ↓ 0.
For any p ≥ 1, by L p (∇, m) we denote the (bo)-complete lattice normed space of all elements x from L 0 (∇), for which there exists L 0 (B)-valued norm
(see for example [16, 6.1] ).
An L 0 (B)-valued measure m is said to be disjunctive decomposable (ddecomposable), if for every e ∈ ∇ and a decomposition m(e) = a 1 + a 2 , a 1 ∧ a 2 = 0, a i ∈ L 0 (B) there exists e i ∈ ∇ such that e = e 1 ∨ e 2 and m(e i ) = a i , i = 1, 2.
Let ∇ 0 be a regular Boolean subalgebra of ∇ and ϕ : B → ∇ 0 be an isomorphism from B onto ∇ 0 . A L 0 (B)-valued measure m is called ϕ-modular, if m(ϕ(q)e) = qm(e) for all q ∈ B, e ∈ ∇. The following criteria of d-decomposability of measures is well-known. 
In the next theorem some basic properties of the space L p (∇, m) are stated [4] . 
Now we mention some necessary facts from the theory of measurable bundles of Boolean algebras and of Banach spaces.
Let X be a Banach bundle over Ω, i.e., a mapping ω → X(ω) from Ω into the class of Banach spaces over field R of real numbers. Denote by S ∼ (Ω, X) the set of all sections of X that are defined a.e. in Ω. Let L ⊂ S ∼ (Ω, X) be a measurable structure in X, i.e., (a)
(c) the set L is stalkwise dense in X, i.e. {c(ω) : c ∈ L} is dense in X(ω) for each ω ∈ dom(c), where dom(c) is the domain of c.
The pair (X, L) is called a measurable Banach bundle over Ω. Denote by M(Ω, X) the set of all L-measurable sections of the bundle X and let L 0 (Ω, X) be the quotient of M(Ω, X) by the equality almost everywhere. It is known that, under the natural algebraic operations, the set L 0 (Ω, X) endowed with the norm [11] .
A measurable Banach bundle (X, L) over Ω is called a measurable bundle of Banach lattices over Ω, if X(ω) is a Banach lattice for each ω ∈ Ω and c 1 ∨c 2 ∈ L for all c 1 , c 2 ∈ L. In this case L 0 (Ω, X), endowed with the natural partial order
Let (Ω, Σ, µ) be a measure space with the direct sum property. For given f ∈ L 0 (Ω) denote by s(f ) the support of f , i.e. s(f ) = 1 − sup{e ∈ B(Ω) : f e = 0}. Let ∇ be an arbitrary complete Boolean algebra and let m be a d-decomposable L 0 (Ω)-valued measure on ∇. By theorem 2.1 we can assume, that B(Ω) is a regular subalgebra of ∇ and m is modular, i.e. m(qe) = qm(e) for all q ∈ B(Ω), e ∈ ∇. 
Then γ ω is a homomorphism of the Boolean algebra ∇ into the Boolean algebra ∇ ω for each ω ∈ Ω. Consider the bundle X over Ω such that X(ω) = (∇ ω , m ω ) for all ω ∈ Ω and put L = {e(ω) = γ ω (e) : e ∈ ∇}. It is known (see [9] ) that (X, L) is a measurable bundle of Boolean algebras over Ω such that the Boolean algebras ∇ and L 0 (Ω, X) are isometrically isomorphic; moreover, l(m(e))(ω) = m ω (γ ω (e)) for all e ∈ ∇ and
is a measurable structure in Y p and there exists isometric isomorphism Φ from
be a lifting. In [9] it is proved that there exists a linear mapping ℓ ∇ :
In that case, when
Since we have identified the Boolean algebra B(Ω) with regular subalgebra of ∇ and we assume that m(qe) = qm(e) for all q ∈ B(Ω), e ∈ ∇, it follows that T :
Further we will need the following stalkwise representation of L 0 (Ω)-bounded linear operators acting in Banach -Kantorovich lattices L p (∇, m).
and therefore the operator ϕ(ω) is well defined and bounded with respect to the norm · L1(∇ω,mω ) . Since
Moreover, the continuity of the operator T ω implies that
It is clear that for the positive operator T , by propertie 3) of the vector valued lifting ℓ ∇ , the operator T ω is also positive.
Thus we obtain the following theorem.
) for a.e. ω ∈ Ω and for every x ∈ L 1 (∇, m). In addition, if the operator T is positive, then the operator T ω is also positive for every ω ∈ Ω.
A linear operator T :
is said to be regular if it can be represented as a difference of two positive operators. The set of all regular operators on L 1 (∇, m) is denoted by H r (L 1 (∇, m) ). It is known that H r (L 1 (∇, m)) forms an order complete vector lattice, in addition for every T ∈ H r (L 1 (∇, m)) the module |T | is a positive linear operator and
The set of all L 0 (Ω)-bounded linear operators acting in the Banach-Kantorovich lattice L 1 (∇, m) we denote by B (L 1 (∇, m) ). With respect to the L 0 (Ω)-valued norm · L1(∇,m)→L1(∇,m) this spase is a Banach-Kantorovich space [16, 4.2.6] .
We need the following property of regularity for operators T ∈ B(L 1 (∇, m)).
The set of all elements from L 1 (∇, m) of the form y = |T (x 1 )| + · · · + |T (x n )| is denoted by E(x), where x = x 1 + · · · + x n , x i ≥ 0, i = 1, 2, ..., n. It is clear that for y ∈ E(x) the following inequalities hold
Repeating the proof of [19, Theorem VIII.7.2] we obtain that for any y 1 , y 2 , · · · y k from E(x) there exists y ∈ E(x) such that sup
we have that sup
We denote by A the direction all of finite subsets of E(x), ordered by inclusion and for every α ∈ A we set y α = sup{y : y ∈ α}. It is clear that {y α } α∈A is an increasing net of positive elements from L 1 (∇, m), in addition y α 1 ≤ T x 1 for all α ∈ A. By theorem of monotone convergence [6] there exists z ∈ L 1 (∇, m) such that y α ↑ z. Hence E(x) is an order bounded set in
Repeating again the proof of [19, Theorem VIII.
7.2] we have that T (F ) is an order bounded set in
Proposition 2.4 implies the following result. Since the operator |T | is positive, it follows that On the other hand
Let ∇ be an arbitrary complete Boolean algebra, let B(Ω) be a complete Boolean algebra of all idempotents in L 0 (Ω, Σ, µ), where (Ω, Σ, µ) is a measure space with the direct sum property, let m : ∇ → L 0 (Ω, Σ, µ) be a ddecomposable measure. We shall identify B(Ω) with regular Boolean subalgebra in ∇ and assume that m(qe) = qm(e) for all q ∈ B(Ω), e ∈ ∇.
Proof. By Theorem 2.3 for every ω ∈ Ω there exists a positive linear contraction
ω ∈ Ω and for every x ∈ L 1 (∇, m). Since |T | ∈ C 1,∞ (∇, m), it follows that |T |(1) ≤ 1, and therefore S ω 1 ∇ω = Φ(|T |1)(ω) ≤ Φ(1)(ω) = 1 ω for every ω ∈ Ω, where 1 ω is the unit element of the Boolean algebra ∇ ω . Hence S ω is a positive linear contraction in L ∞ (∇ ω , m ω ) for a.e. ω ∈ Ω.
Since
, it follows that
The following theorem is a version of Theorem 2.3 for an operator T ∈ C 1,∞ (∇, m).
Proof. Theorem 2.3 provides the existence of a linear operator
Using density of the linear space {ℓ
Since every bounded linear operator in L 1 (∇ ω , m ω ) is regular, the module |T ω | is defined, which is a positive contraction in L 1 (∇ ω , m ω ), in addition
We provide some auxiliary facts related to (o)-convergence of a sequence {x n } ⊂ L 1 (∇, m) and (o)-convergence of the sequence {Φ(x n )}(ω)}, ω ∈ Ω.
Consider on the vector lattice L 0 (∇, m) the metric ρ(x, y) = |x − y|(1 + |x − y|)
This theorem implies the following corollary.
The following theorem is a vector version of well known N.Danford and J.T. Schward's ergodic theorems for
Proof. 
holds. Since Theorem 3.5 (ii) is valid for |T |, the sequence {s n (|T |)(|x|)} is order bounded in L p (∇, m) and
According to Theorem 3.1 and 3.2 we have that In the same way as in [5] , we consider the following subsets in L 1 (∇, m):
The set L M (∇, m) is a vector sublattice in L 1 (∇, m) and with respect to the L 0 (Ω)-valued norm
is a Banach-Kantorovich lattice, which is called an Orlicz-Kantorovich lattice [5] .
The following theorem establishes that Theorem 3.2 and 3.3 from [5] holds for any L 1 -L ∞ contractions. 
and a sequence q n ∈ ∇ ω with q n ↓ 0 the convergence
holds.
Since the N -function M meets 2 -condition, the linear subspace
Repeating now the proof of Theorem 3.5(i) we obtain that the sequence
Repeating the proof of Theorem 3.2(ii) we obtain that the sequence s n (T )(x) also is order bounded in Let S be the unit circle in the field C of complex numbers and let Z be the ring of integer numbers. A function P s : Z → C is called a trigonometric
A sequence {α(k)} of complex numbers is called a bounded Besicovich sequence (BB-sequence) if sup{|α(k)| : k ∈ Z} < ∞ and for every ε > 0 there exists a sequence of trigonometric polynomials P s , such that
The following theorem is a vector version of weighted ergodic theorem for L 1 -L ∞ contractions in Banach-Kantorovich lattice L p (∇, m) (compare with [10] ).
Theorem 5.1. Let {α(k)} be a BB-sequence of real numbers and T ∈ C 1,∞ (∇, m).
Then the averages
Since T ω ∈ C 1,∞ (∇ ω , m ω ), Theorem 1.4 [12] implies that there exists v(ω) ∈ L 0 (∇ ω , m ω ) such that a n (T ω )(Φ(x)(ω))
→ v(ω) in L 0 (∇ ω , m ω ) for a.e. ω ∈ Ω.
By Corollary 3.4 there existsx ∈ L 0 (∇, m) such that a n (T )(x) (o) →x in L 0 (∇, m). Now let 1 < p < ∞, x ∈ L p (∇, m). For every ω ∈ Ω we consider a positive linear contraction S ω in L 1 (∇ ω , m ω ) as in the proof of Theorem 3. there existsx ∈ L p (∇, m) such that a n (T )(x) (o) →x in L p (∇, m). Then the averages a n (T )(x) (bo)-converge in L p (∇, m) for every x ∈ L p (∇, m).
Now we present a version of multiparameter ergodic theorem for
Firstly, let us recall the definition of d-dimensional analog BB-sequence [12] . Let d ∈ N, n = (n 1 , n 2 , . . . , n d ) ∈ Z d , 1 I = (1, 1, . . . , 1), 0 = (0, 0, . . . , 0). The product of all nonzero components of n = (n 1 , n 2 , . . . , n d ) we denote by |n|. We say that {α(k)} ∈ C is BB-sequence if sup{|α(k)| : k ∈ Z d } < ∞ and for every ε > 0 there exists a sequence of trigonometric polynomials in d variables P ε such that lim sup n→∞ 1 |n| n−1 I k=0 |α(k) − P ε (k)| < ε.
Let T = {T 1 , T 2 , . . . , T d } denotes a family of d linear operators mapping L 1 (∇, m) into itself such that T i ∈ C 1,∞ (∇, m), i = 1, · · · , n. Let {α(k)} be a BB-sequence of real numbers. For any x ∈ L 1 (∇, m), n ∈ (N ∪ {0}) d , n = 0 we set
where (1)
